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Problem formulation

Classical 2nd order equation

-V (DVp) = f inQ,
p = po on 0,

D =dpl in Q.

In area 2 m subareas are selected. These subareas corresponds to
inclusions.

Ows N 0wy =, Qws NN =3, s,t=1,...,m.

In inclusions define diffusion coefficient dg, ds > dg
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Example of {2 with inclusions

9.9286+05

7.44630+5

4.9642e+5

— 24821645

1.000e+00

Figure: Area € with inclusions
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For discretization P1 finite element method is used. In inclusion
As = dsAxs = Axs + (ds — do) A s
As a result matrix Ap =g is a sum
A=Ag+ Ay

where Ay is matrix "without” inclusions and

m

Ay = (s — 1) NyAy o NT, (1)
s=1
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Generalized Eigenvalue problem

Consider generalized eigenvalue problem
Aw = \Myw

where 0 = A\; 1 < A2 < ... < Ay, are eigenvalues, M; is mass
matrix.

We can construct decomposition.
Ay = MW AWM,
where At = diag{)\t,l, )\t’g, - 7)\t,mt} and W; = [Et,la - 7Et,mt] ,

If we consider diffusion matrix from our case A;1 = 0,

_ 1 _
w = T1=7.. €
EL 7 Tl g,
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Preconditioner Construstion

Consider the preconditioner, based on following idea. For each

subdomain
Bt = OétMtWt (It — It> WtTMt
where
0O 0 ... 0
ft _ 0 1 0
0 O 1
Remark:

WIMW, = MWW = WWIM, = I,
After using this trick

Bt = (¢ (Mt — Mtﬁt,lﬁglMt)
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Preconditioner Construstion(2)

m
If Ay =Y N;A;N] we will construct preconditioner for second
=1
part of A
m
By =) NBN[
t=1
where a; = (d; — do)|| M, A
For other part of matrix we use diagonal preconditioner

Bo = CMQMO
where ag = |[M~1Ap|| and as a result
B = BO —+ Bl
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Preconditioning process (Coarse mesh system)

In ours case

B =Y N, (M, — Maw, w/, My) NF + By
t

B=M =Y N M w;, M N/
t
Consider Bv =g

Muv — Z atNtMt@tylﬁletN;T’U =g
t

or
v =Y oM N,Maw, yw], MN/v = M™'g
t
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Preconditioning process (Solving Coarse mesh system) (2)

Let & = Eg:lMtNtT’U
v=Y oM TN Man & = Mg
t
For calculation & we should solve system (I — Q) &, = §, where
Q@ =A{a}. 9 =19}
gij = Wi | MyN{ oy M~ Ny My 1

gt =W MyN{ g

For our case () is a diagonal matrix
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Test case

We consider unit square with regular mesh

with zero Dirichlet boundary conditions.
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Methods for comparison

The BiCGStab method is used for solving system.
For preconditioning four methods are used

@ ILU(k) k =7 (from PETSc)

@ AMG (from Trilinos)

@ ILU2(7) 7 = 103 (from INMOST)
© BDP
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Comparison results

preconditioner Fiter Time Tt
PETSc ILU(7) s = 107 125 0.99 | 0.00792
Trilinos AMG 122 1.66 0.01360
INMOST ILU2(10~3) 131 1.93 | 0.01581
BDP 544 2.16 | 0.00397
PETSc ILU(7) ds € [1;10%] 126 0.99 | 0.00785
Trilinos AMG 85 1.15 | 0.01352
INMOST ILU2(103) 86 1.80 | 0.02093
BDP 644 2.43 | 0.00377
PETSc ILU(7) ds = 10° 120 0.94 | 0.00783
Trilinos AMG 750 9.71 | 0.01294
INMOST ILU2(10~3) 279 242 | 0.00867
BDP 528 1.98 | 0.00375
PETSc ILU(7) ds € [1;100] 134 1.04 | 0.00776
Trilinos AMG 551 7.14 0.01295
INMOST ILU2(10~3) 133 1.99 | 0.01496
BDP 472 1.77 | 0.00375

Table: Preconditioners comparison. Inclusions number m = 64 x 64,
inclusion size n = 4 x 4,matrix size Ny = 261121.
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Comparison results

preconditioner Fiter Time T;
PETSc ILU(7) . =107 206 6.34 0.030777
Trilinos AMG 146 11.26 0.07712
INMOST ILU2(1O*3) 242 11.08 0.04578
BDP 1122 17.53 0.01562
PETSc ILU(7) ds € [1; 104] 218 6.71 0.03082
Trilinos AMG 111 8.57 0.07720
INMOST ILU2(1073) 149 10.78 0.07234
BDP 1445 21.92 0.01516
PETSc ILU(7) ds = 10° 205 6.37 0.03107
Trilinos AMG 663 50.04 0.07547
INMOST ILU2(10*3) 338 10.98 0.03248
BDP 866 13.13 0.01516
PETSc ILU(7) ds € [1; 106] 183 5.71 0.03120
Trilinos AMG 891 67.93 0.07624
INMOST ILU2(10*3) 355 19.45 0.05478
BDP 1336 20.48 0.01532

Table: Preconditioners comparison. Inclusions number m = 128 x 128,
inclusion size n = 4 x 4, matrix size N4 = 1046529.
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Comparison results

preconditioner Fiter Time T;
PETSc ILU(7) s =107 565 17.10 0.03026
Trilinos AMG 88 6.87 0.07806
INMOST I1LU2(10~3) 191 11.56 0.06052
BDP 1016 | 15.00 0.01476
PETSc ILU(7) ds € [1;10%] | 1177 35.2 0.029905
Trilinos AMG 71 5.58 0.07859
INMOST ILU2(10~3) 126 10.49 | 0.083250
BDP 1262 | 18.97 0.01503
PETSc ILU(7) ds = 10° 1982 | 59.12 0.02982
Trilinos AMG 483 36.63 0.07583
INMOST ILU2(10~3) 1094 | 53.49 0.04889
BDP 966 14.10 0.01459
PETSc ILU(7) ds € [1;10%] | 1223 | 36.63 0.02995
Trilinos AMG 513 39.08 0.07617
INMOST ILU2(10~3) 299 21.29 0.07120
BDP 1152 | 17.15 0.01488

Table: Preconditioners comparison. Inclusions number m = 64 x 64,
inclusion size n = 8 x 8, matrix size N4 = 1046529.
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Comparison results

preconditioner Fiter Time Tt
PETSc ILU(7) s = 10% 3641 | 449.99 | 0.12358
Trilinos AMG 92 34.41 0.37402
INMOST ILU2(10~3) 322 74.85 0.2324
BDP 2609 165.9 | 0.06358
PETSc ILU(7) ds € [1;10%] 1517 189.21 | 0.12472
Trilinos AMG 76 28.57 | 0.37592
INMOST ILU2(10~3) 206 63.98 0.31058
BDP 2996 | 192.85 | 0.06436
PETSc ILU(7) ds = 10° 3996 | 49552 | 0.12400
Trilinos AMG 518 189.17 | 0.36519
INMOST ILU2(10~3) 1441 | 278.21 | 0.19306
BDP 1839 | 117.47 | 0.06387
PETSc ILU(7) ds € [1;105] | 3871 | 36887 | 0.09529
Trilinos AMG 544 105.23 0.19343
INMOST ILU2(10~3) 492 80.80 | 0.16422
BDP 2539 76.18 0.0300

Table: Preconditioners comparison. Inclusion number m = 128 x 128,
inclusion size n = 8 x 8, matrix size N4 = 4190209.
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Acceleration results

Nproc 1 2 7 ] 16 32 64
#iter 10000 10000 10000 10000 10000 4383 10000

PETSc ILU(7) Time 1137.28 536.83 301.08 198.38 190.04 42.83 56.99
Accur. 2.0e-09 6.0e-10 5.0e-02 2.0e-09 4.0e-10 1.0e-09 3.0e-09

Hiter 635 647 455 570 626 673 497

Trilinos AMG Time 5258.48 137.10 50.32 36.36 30.63 15.04 5.59

S 1.0 1.88 5.13 7.05 8.43 17.18 46.23

Fiter 183 259 288 262 346 370 305

INMOST ILU2(1073) Time 75.52 53.24 32.68 16.92 16.7 10.2 4.87
S1 1.0 1.41 2.31 4.46 4.52 7.40 15.50

Fiter 1848 1343 1219 1375 1527 1579 1608

BDP Time 138.89 50.62 24.87 16.42 15.66 8.5 4.92

S 1.0 2.74 5.58 8.45 8.86 16.34 28.22

Table: Dependence of velocity convergence from processors number
ds € [1;105], m = 64,n = 8, N4 = 1046529.
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Acceleration results

Nproc T 2 7 8 16 32 64
Fiter 1248 2046 2173 | 1767 | 1337 | 1620 | 2476
PETSc ILU(7) Time 147.04 | 11513 | 65.94 | 3525 | 2555 16 14.75
S1 1.0 1.27 2.22 417 5.75 9.19 9.96
Fiter 116 128 117 133 117 112 114
Trilinos AMG Time 48.85 2789 | 1336 | 871 5.82 2.59 1.49
Sq 1.0 1.75 3.65 5.60 839 | 18.86 | 32.78
Fiter 156 208 226 200 206 217 237
INMOST ILU2(10™3) Time 53,09 3551 | 2035 | 1051 | 8.20 4.86 3.12
Sq 1.0 1.49 2.60 5.05 6.47 | 1092 | 17.01
Fiter 1643 2022 1544 | 1341 | 1556 | 1482 | 1295
BDP Time 12345 | 75.46 | 3093 | 16.06 | 1548 | 7.93 4.03
Sq 1.0 1.63 3.09 7.60 7.97 | 1556 | 30.63

Table: Dependence of velocity convergence from processors number
ds = 10*, m = 64,n = 8, N4 = 1046529.
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