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Abstract. The paper is devoted to discovering new features of diagonal
Latin squares of small order. We present an algorithm, based on a special
kind of transformations, that constructs a canonical form of a given diag-
onal Latin square. Each canonical form corresponds to one isotopy class
of diagonal Latin squares. The algorithm was implemented and used to
enumerate the isotopy classes of diagonal Latin squares of order at most
8. For order 8 the computational experiment was conducted in a volun-
teer computing project. The algorithm was also used to estimate how
long it would take to enumerate the isotopy classes of diagonal Latin
squares of order 9 in the same volunteer computing project.

Keywords: volunteer computing, combinatorics, Latin square, diagonal
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1 Introduction

There exist a number of problems in which it is required to enumerate combina-
torial objects with specific features. The correspondence between the number of
such objects and the problem’s dimension can be viewed as an integer sequence.
The Online Encyclopedia of Integer Sequences (OEIS) [1] contains about 300
thousands of such sequences. For some of them there exists a formula that al-
lows to easily calculate any member of the sequence. In the cases where such
formulas don’t exist, the members of the sequences can sometimes be obtained as
a result of a computational experiment. Often, such calculations require a large
amount of computational resources, that is why high performance computing
methods are required to conduct them.
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Latin squares [2] are one of the most well studied combinatorial designs. They
have applications both in science and industry. A Latin square of order N is a
square table with Vx N cells filled with elements from a finite set {0,1,2,..., N—
1} in such a way, that all elements within each row and each column are distinct.
If in addition to this both main diagonal and main antidiagonal contain every
possible element from {0, 1,2, ..., N—1} then such Latin square is called diagonal
Latin square.

Latin squares have practical applications in various areas, including experi-
ment design, cryptography, error-correcting codes, scheduling. A number of open
mathematical problems are associated with Latin squares, for example whether
there exists a triple of mutually orthogonal Latin squares of order 10 [3]. Also
of interest is the asymptotic behavior of combinatorial characteristics of Latin
squares with the increase of dimension N.

There are several examples of applications of high-performance computing in
order to search for combinatorial designs based on Latin squares. For example,
the hypothesis about the minimal number of clues in Sudoku was first proven
on a computing cluster [4].

The present study is aimed at enumeration of isotopy classes of diagonal Latin
squares of small order. In other words, the goal is to construct the corresponding
new integer sequence, not yet presented in OEIS. To achieve this goal, we develop
a new combinatorial algorithm, implement it and employ a volunteer computing
project to conduct the computational experiments.

2 Isotopy Classes and Canonical Forms of Diagonal Latin
Squares

A number of combinatorial problems related to diagonal Latin squares can be
solved significantly faster if only one diagonal Latin square from an equivalence
class is considered. Each equivalence class contains diagonal Latin squares with
equal features (for instance, the number of orthogonal mates). Such approach can
be used to enumerate diagonal Latin squares [5, 6] or to construct and enumerate
systems of orthogonal diagonal Latin squares and combinatorial designs based
on them [7].

In the case of Latin squares, an isotopy class consists of all Latin squares that
are equivalent: any Latin square from the class can be produced by any other
Latin square from the class by permuting the rows, columns, or the names of
the symbols of a Latin square. In the case of diagonal Latin squares, the isotopic
classes cannot be constructed in the same manner because some permutations
of rows and columns can lead to the violation of the constraint on uniqueness of
elements on diagonals. Instead, the isotopy classes of diagonal Latin squares can
be constructed using the so-called M-transformations, which were suggested by
Yu. V. Chebrakov for magic squares [8] (by definition any diagonal Latin square
is a magic square). The M-transformations can be divided into two types. An M-
transformation of the first type is a permutation of a pair of columns, which are
symmetric with respect to the middle of a square, along with the permutation
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of rows with the same indexes. An example of an M-transformation of the first
type is shown in Fig. 1.

An M-transformation of the second type is a permutation of a pair of columns
from the left half of the square, along with the permutation of a pair of columns
from the right half of the square, which are symmetric to the columns from the
first pair, and the corresponding permutation of two pairs of rows with the same
indexes. An example of an M-transformation of the second type is shown in Fig.
2.
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Fig. 1. An example of an M-transformation of the first type.

Fig.2. An example of M-transformation of the second type.

It is easy to see, that several other equivalent transformations can be used
for diagonal Latin squares: turning a square by 90 x h degrees, h € {1,2,3};
transposing it relative to main diagonal or main antidiagonal; mirroring it hor-
izontally or vertically. The examples of all these transformations are shown in
Fig. 3.

While all squares in an isotopy class are equal, it is convenient to choose one
of them to be a representative of a class. Assume that we consider a diagonal
Latin square A of order N. It can be represented as a sequence s(A) with N x N
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Fig. 3. Examples of equivalence transformations, which are not defined by M-
transformations: turns of a square (a); transpose of a square (b); vertical and
horizontal reflections (c). One of the squares transversal is marked with grey.

elements by writing all elements of A one by one from left to right, from top
to bottom. Let us refer to c(A) as to string representation of A. A canonical
form (CF) A of a diagonal Latin square A is a diagonal Latin square from a
corresponding isotopy class O(A) = {41, As,...,Ac}, A € O(A), A e O(4),
which has a lexicographically minimal string representation: YA’ € @(A)\{A} :
s(A) < s(A"). If for a fixed N we construct a canonical form for every single
diagonal Latin square of order N, then the number of unique canonical forms
coincides with the number of isotopy classes of diagonal Latin squares of order
N (in the sense outlined above), and this fact can be employed in practice.

3 Computational Experiments

The number of isotopy classes of Latin squares of order at most 11 is known
[9-11] and is presented in the OEIS (sequence A040082). Meanwhile, the cor-
responding sequence for diagonal Latin squares has not been known before the
present study. The easiest way to determine such number for a particular or-
der N is to check each Latin square of order N whether it is a canonical form
or not. To generate all diagonal Latin squares of small order, a fast generator
can be used [5]. In order to construct a canonical form for a given Latin square
A, the corresponding isotopy class Q(A) = {A;, Ay, ..., Ac} is built using M-
transformations and other transformations preserving the contents of main di-
agonal and main antidiagonal of a Latin square (they were mentioned in the
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previous section). It should be noted, that Latin square A is a canonical form if
and only if A = argmina,co(a)Ai. A strict implementation of this approach (on
the Delphi language) allows to check about 1-2 diagonal Latin squares of order
10 per second, which is very slow. Note, that generator described in [5] allows
to generate about 6.6 millions of diagonal Latin squares per second.

There were introduced several optimizations in the implementation of the
algorithm that constructs canonical forms. They are described below, together
with estimated gain. The corresponding experiments were held on a computer
equipped with the Core i7-4770 CPU and DDR3 RAM. Note, that small size of
the used data structures made it possible to use only CPU’s L1 cache and not
to use RAM.

1. Reducing the amount of usage of dynamic memory and dynamic strings: 31
diagonal Latin squares per second.

2. Employing the Johnson-Trotter algorithm [12] to form M-permutations: 56
diagonal Latin squares per second.

3. Disabling the checkups of the built-in compilator ($R, ASSERTS, etc.): 118
diagonal Latin squares per second.

4. Normalizing a diagonal Latin square in the end of the search together with
its mirrored version: 277 diagonal Latin squares per second.

5. Using the horizontal reflection instead of the vertical reflection: 305 diagonal
Latin squares per second.

6. Terminating the processing of a current diagonal Latin square if its string
representation is less than that of an original one, high-level optimizations:
642 diagonal Latin squares per second.

It should be noted, that the aforementioned rates were obtained at one of the
first sections of the search space (of all possible diagonal Latin squares, in lex-
icographic order), where the concentration of canonical forms is high and the
corresponding checks take quite a lot of time. At the final sections of the search
space the canonical forms are sparse, and the performance is several times higher
because of early terminations.

Using this implementation (author: Eduard Vatutin) a computational exper-
iment was conducted on a personal computer. As a result, the isotopy classes of
diagonal Latin squares of order at most 7 were enumerated, forming the following
sequence (for 1 < N <7, where N is an order): 1, 0, 0, 1, 2, 2, 972.

A computational experiment for order 8 was conducted in the volunteer com-
puting project Gerasim@home [13]. The deadline of 7 days, and the quorum of
2 were used. A set of work units (WUs) was formed in such a way, that each
WU contains initial values of several elements of a square. Given a particular
WU, a client application on a volunteers personal computer forms all possible
values of other elements of a square in order to generate all possible diagonal
Latin squares (with fixed values of some elements provided by the WU). The
client application enumerates all canonical forms among the generated diagonal
Latin squares, and the obtained number is sent to the project server (see Fig.
4).
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Fig. 4. Schematic representation of the calculation process on a client computer.

This experiment was conducted in 2 days. As a result, the isotopy classes
of diagonal Latin squares of order 8 were enumerated, it turned out that there
are 4 873 096 of them (remind, that each such class corresponds to a canonical
form). This result was verified by another program implemented by Alexey Bely-
shev. His implementation is based on normalization of diagonal Latin squares
performed based on the main diagonal. Thus, the following sequence was ob-
tained: 1, 0, 0, 1, 2, 2, 972, 4873096. It represents the number of isotopy classes
of diagonal Latin squares of order at most 8. This sequence was unknown before
the present study, it has been reviewed and added to the OEIS with the number
A287764.

For order 9 the number of corresponding normalized diagonal Latin squares
is 505 699 465 350 758 [5]. Taking into account that an average rate of checking
for canonical forms for diagonal Latin squares of order 9 is about 60 thousand
squares per second, it means that to enumerate the isotopy classes for order 9 it
would take about 267 years of calculations on 1 CPU core, or about 1 year in a
volunteer computing project with the real performance of 1 TFLOPS/s.

In the course of the conducted experiments, the minimal and maximal sizes
of isotopy classes of diagonal Latin squares of order at most 8 were also found,
see Table 1. The corresponding sequences 1, 0, 0, 2, 4, 32, 32, 96 and 1, 0, 0, 2,
4, 96, 192, 1536 are new and have not been represented in the OEIS yet.

First pairs of orthogonal diagonal Latin squares of order 10 were first pre-
sented in [14]. The volunteer computing projects Gerasim@home [13] and SAT@home
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Table 1. The minimal and maximal sizes of isotopy classes of diagonal Latin
squares of order at most 8 and examples of corresponding squares.

Minimal size of isotopy class|Maximal size of isotopy class
N and its representative and its representative
1(1 - 1 -

2] - - - -
3] - - N N
0123 0123
2301 2301
412 3210 2 3210
1032 1032
01234 01234
23401 23401
5[4 40123 4 40123
12340 12340
34012 34012
012345 012345
120534 120534
435021 435021
6132 351402 96 301452
543210 543210
204153 254103
0123456 0123456
1256034 1254603
4630512 5036241
7132 5461320 192 2461035
3542601 6340512
6015243 4512360
2304165 3605124
01234567 01234567
12357604 12567304
30175426 57106243
56743012 73641052
8196 73516240 1536 26453710
47602351 45370621
65420173 34025176
24061735 60712435
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[7] have been used to find systems of mutually orthogonal diagonal Latin squares
of order 10. It was done in an attempt to prove the existence or non-existence
of a triple of mutually orthogonal diagonal Latin squares (MODLS) of order 10.
Note, that in [15] a triple of diagonal Latin squares of order 10, that is the closest
to being a triple of MODLS of order 10 found so far, was provided.

To exclude the duplication of found systems of ODLS of order 10, for each
system the canonical forms of its squares are constructed, and then these canon-
ical forms are added to a special list, in which all elements are unique. This
procedure has been performed for all systems of ODLS of order 10 found so far
in two mentioned volunteer computing projects. At the present moment (April
2018), this list consists of 309 thousand canonical forms of diagonal Latin squares
of order 10 (see Fig. 5). It turned out, that based on these canonical forms, the
triple of MODLS of order 10 cannot be constructed, and neither it is possible to
construct a pseudotriple which is better than that found in [15].
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Fig.5. The number of unique canonical forms met in systems of orthogonal
diagonal Latin squares of order 10 found in Gerasim@home for the last year
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4 Conclusions

Using a combinatorial algorithm, which allows to construct canonical forms, the
isotopy classes of diagonal Latin squares of order at most 8 were enumerated.
The experiments for order up to 7 were conducted on a computer, while for order
8 it was conducted in a volunteer computing project. It was also estimated, that
isotopy classes for order 9 can be enumerated in reasonable time using the same
volunteer computing project. In the nearest future we are planning to launch
the corresponding experiment. It was also shown, that the canonical forms can
be used to maintain a list of all systems of orthogonal diagonal Latin squares
found so far.
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